
Constant-Potential Reactions Simultaneously Controlled by 
Charge-transfer and Mass-transfer Polarization at 
Planar, Spherical and Cylindrical Electrodes 

Charles A. Johnson and Sidney Barnartt 

Edgar C. Bain Laboratory 
For Fundamental Research 

, United States Steel Corporation 
Research Center 

Monroeville, Pennsylvania 

I 

In general the rate of an electrode reaction will be determined by both 
charge-transfer and mass-transfer polarization, even in the case of slow reactions 
if the concentration of one reactant is small. The purpose of this paper is to 
examine the theoretical time behavior of the reaction rate at constant potential, 
for electrodes having planar, spherical or cylindrical symmetry. The electro- 
chemical systems considered will be limited to first-order charge-transfer mechanisms. 
The current-time relation for planar electrodes at constant potential is known. 
This will be examined in greater detail, particularly from the standpoint of rapid 
reactions. 
electrodes. 
electrodes, and a numerical method for the general solution outlined. 

Then a general solution will be given in closed form for spherical 
Finally an approximate solution will be developed for cylindrical 

Current-potential relations 
Thz current-potential relation for f reaction of the type: 

R(Z'n)+ = 0' t ne- was derived by Gerischer: 

Here i is the net anodic current density at overpotential q, io the exchange 
current density, $ the transfer coefficient and E Z F/RT. The activities of R 
and 0 are designated a and a0 at the electrode-solution interface at time t; 
these differ from the gulk values aa and a: as a result of mass transfer effects. 
Equation 1 is limited to those charge-transfer mechanisms in which all of the 
electrical-work involved occurs during the rate-determining step, and which are 
fir t order (defined at constant potential) with respect to the activities aR and 
a0. 393 

For rapid reactions the following approximation to eq. 1, also due to 
Geri~cher,~ is generally ~sedg5'~ 

AaR AaO 
ncr) + - - - 

R aO a 
aR aO i/io I nEq + - - - = 

0 0 0 
a; a. 
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where haR = aR - a 8  and Aao = a 0  - a8. 
t h a t  7, AaR and hao a r e  a l l  sma l l ,  a se t  of l i m i t a t i o n s  t o o  conf in ing  f o r  r ap id  
r e a c t i o n s  where a c t i v i t y  changes develop r a p i d l y .  We propose,  i n s t e a d ,  a more 
b a s i c  r e l a t i o n  f o r  r a p i d  r e a c t i o n s ,  v a l i d  a t  a l l  va lues  of AaR and Aao. 
ob ta ined  from eq. 1 by use  of exp (kq) 

Equation 2 was de r ived  on t h e  assumption 

This  i s  
1 t kq: 

(3) 

where - - !& may be s u b s t i t u t e d  f o r  t h e  l a s t  f a c t o r .  Equation 3 reduces  t o  

eq. 2 on ly  i f  t h e  assumpt ion  i s  made t h a t  AaR and 4a0 a r e  small .  
i s  v a l i d  only du r ing  a v e r y  s h o r t  i n t e r v a l  a f t e r  a r a p i d  r e a c t i o n  i s  i n i t i a t e d ;  
a t  l onge r  t imes  eq. 2 w i l l  e x h i b i t  g r e a t e r  d e v i a t i o n s  from t h e  t r u e  r e l a t i o n  (eq 1 )  
t han  w i l l  eq. 3. 
case  of l i n e a r  d i f f u s i o n .  

(fR 0 
aR a o '  

This  assumption 

An i l l u s t r a t i o n  of t h e s e  d e v i a t i o n s  w i l l  be g iven  below f o r  t h e  

P l a n a r  e l e c t r o d e s  
P o t e n t i o s t a t i c  cu r ren t - t ime  r e l a t i o n s  

Ger i sche r  and Vie l s t i chB have de r ived  t h e  s o l u t i o n ,  i n  c losed  form, f o r  
a f i r s t - o r d e r  r e a c t i o n  d e s c r i b e d  by eq, 1, wi th  s e m i - i n f i n i t e  l i n e a r  d i f f u s i o n  a s  
t h e  s o l e  mass - t r ans fe r  p rocess .  The e l e c t r o l y t e  is assumsd t o  c o n t a i n  excess  
n e u t r a l  s a l t ,  so t h a t  c o n c e n t r a t i o n  r a t i o s  may r e p l a c e  t h e  a c t i v i t y  r a t i o s  i n  eq. 1 
w i t h  l i t t l e  e r r o r .  The s o l u t i o n  w i l l  be reproduced here  and a p p l i e d  numerically 
t o  a t y p i c a l  f a s t  r e a c t i o n  t o  i l l u s t r a t e  t h e  range  of v a l i d i t y  f o r  eq. 2 and 3. 
The s o l u t i o n s  f o r  t h e  c o n c e n t r a t i o n s  and c u r r e n t  d e n s i t y  a t  t h e  e l e c t r o d e  su r face  
a r e  : 

( 4 )  

. .  

( 6 )  i = i  (t=o) exp(A 2 t ) e r f c ( h t  h ) 

where t h e  d e s i r e d  c h a r g e - t r a n s f e r  c u r r e n t  cor responding  t o  o v e r p o t e n t i a l  q i s  

(7) 



87 

Here the quantities A and A are defined by 

with K Dp/Do, the ratio of the diffusion coefficients. It should be noted that 
the equations as given in the Gerischer-Vielstich papef8 contained two e r ro r s  (no 
post-publication corfection found): (1) omission pf KH from the first term of A; 
(2) the quantity ( K T A , ' ~ )  in eq. 4 was given as (KFA/X.). 
written in terms of the charge-transfer current as 

The quantity A may be 

Substituting f o r  A in eq. 4 and 5 one obtains the concentrations in terms of the 
charge-transfer current: 

If the electrode reaction is rapid ( 7  small), the current-time relation 
is still given by eq. 6 but the parameters i(tZo), X and A may be simplified to: 
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The cu r ren t - t ime  r e l a t i o n  (eq. 6) i s  o b t a i n a b l e  from eq. 1 by s u b s t i t u -  
t i o n  f o r  CR and co from eq. 4 and 5 .  
t i o n s  i n  eq. 2 and 3 y i e l d s  t h e  cor responding  approximate cur ren t - t ime curves.  
The fo l lowing  numerical  c a s e  was s e l e c t e d  t o  i l l u s t r a t e  t h e  d e v i a t i o n s  of t h e  
approximate curves  from t h e  r i g o r o u s  one:  io = 5 x 10-3 A/cm2 a t  25OC, P = 0.5, 
n = 1, c 8  = 5 x 10-2 and CR = 10-2 mole/C; = 2 x 10-5 and DR = 10-5 cm2/s. 
With t h e s e  va lues  t h e  r e a c t i o n  r a t e s  should be roughly  e q u i v a l e n t I t o  t h o s e  
r epor t ed9  f o r  t h e ' f e r r o u s - f e r r i c  r e a c t i o n  on b r i g h t  platinum. 
c a l c u l a t e d  cu r ren t - t ime  cu rves  f o r  an a p p l i e d  o v e r p o t e n t i a l  of 10 mV. A t  t h e  
l o n g e s t  t ime shown ( t  = 0 .21  s )  co has  changed by 2.4% and CR 17%. 
a r e  s u f f i c i e n t  t o  cause c o n s i d e r a b l e  d e v i a t i o n  of eq. 2 from t h e  t r u e  curve,  but 
eq. 3 remains ex t remely  c l o s e .  Thus eq. 3 should be used  a s  t h e  b a s i c  rap id-  
r e a c t i o n  equa t ion ,  wh i l e  t h e  former i s  an approximation u s e f u l  on ly  f o r  ve ry  
s h o r t  r e a c t i o n  t imes .  

S i m i l a r l y ,  s u b s t i t u t i o n  f o r  t h e s e  concentra- 

F igure  1 shows the  

These changes 

I t  may be noted  from eq. 4 a ,  5a t h a t  t h e  maximum change i n  concen t r a t ion ,  
which occur s  B t  t .+ 

by i(t,o)LnFDi;X]-l. A t  any g iven  t ime t t h e  same f r a c t i o n  [l - exp ( A  t ) e r f c (XtZ) ]  

of t h e  maximum change has  t a k e n  p l a c e  f o r  each subs tance .  
t h i s  f r a c t i o n  i s  0.572 a t  t h e  l o n g e s t  t ime cons idered  (0.21 second).  

(and i .+ 0 ) ,  i s  g iven  f o r  each  of t h e  d i f f u s i n g  2ubs tances ,  

I n  t h e  p r e s e n t  example 

Eva lua t ion  of i(t,o and A .  

I f  t h e  a r iument  A t $  i s  smal l  eq.  6 may be approximated by 

For a v e r y  s h o r t  p e r i o d ,  up  t o  t h e  t ime t p e  l a s t  term i n  b r a c k e t s  ceases  t o  be 
n e g l i g i b l e ,  t h e  i n i t i a l  r e g i o n  of t h e  i-t7 curve i s  l i n e a r  (e.9. t<10  m s  i n  Fig. 1). 
From t h i s  l i n e  i ( t = o )  may be ob ta ined  by e x t r a p o l a t i o n ,  and t h e  s lope  of t h e  l i n e  
y i e l d s  A. Exper imenta l ly ,  however, t h i s  l i n e a r  r eg ion  w i l l  o f t e n  be i n a c c e s s i b l e  
f o r  modera te ly  r a p i d  r e a c t i o n s  wi th  present -day  p o t e n t i o s t a t i c  c i r c u i t r y .  
a p p r e c i a b l e  time i s  r e q u i r e d  t o  a t t a i n  t h e  c o n t r o l  p o t e n t i a l  w i t h i n  a sma l l  f r a c t i o n  
of a m i l l i v o l t  (q being s m a l l ) ,  p r i m a r i l y  because it is necessa ry  t o  i n c o r p o r a t e  
au tomat i c  compensation f o r  t h e  I R  drop  between t h e  c o n t r o l l e d  e l e c t r o d e  and t h e  
c a p i l l a r y  t i p  of t h e  r e f e r e n c e  e l e c t r o d e l o .  

An 

To permi t  a n a l y s i s  of exper imenta l  cu r ren t - t ime  curves  which exc lude  t h e  
i n i t i a l  l i n e a r  r e g i o n ,  we p r e s e n t  h e r e  a n o t h e r  s imple  procedure  f o r  e v a l u a t i n g  
i ( t = o )  and A. I n  t h i s  method one s e l e c t s  an a r b i t r a r y  t ime t, and r e a d s  t h e  
c u r r e n t  from t h e  expe r imen ta l  curve  a t  t imes  t and 4 t .  The r a t i o  of t h e s e  two 
c u r r e n t s  i s  

exp(X2t )e r f c (Xt  3 )  
( L t )  - exp(4A2t) e r f  c (2Xt*) 

Th i s  r a t i , o  i s  r e a d i l y  c a l c u l a t e d  f o r  a l l  v a l u e s  of A& rom t a b l e s l l  of t h e  
f u n c t i o n  exp ( y 2 ) e r f c ( y ) ,  and  i s  shown i n  Fig. 2 f o r  A t  f = 0 t o  1. The expe r i -  

I 

1 
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t' 

i 

mental va lue ,o f  t h e  c u r r e n t  r a t i o  f o r  a s p e c i f i c  time t l  ha? a cor responding  
va lue  of A t 1 2  which i s  ob ta ined  from Fig.  2, and t h i s  va lue  y i e l d s  A. 
cedure may be r epea ted  f o r  times t 2 , t 3 , t  g. . . to o b t a i n  a mean va lue  of A. 
U t i l i z i n g  t h e  mean X, each measured c u r r e n t  a t  t l , t 2 , t 3  ...y i e l d s  i ( t = o  
eq. 6. I f  t h e  d e v i a t i o n s  of t h e  i n d i v i d u a l  v a l u e s  of A o r  of i ( t=o) aLout t h e  
mean v a l u e  a r e  found t o  be  smal l  and randomly d i s t r i b u t e d ,  one has s u p p o r t , f o r  
t h e  a p r i o r i  assumption of a f i r s t - o r d e r  c h a r g e - t r a n s f e r  mechanism. I i n c r e a s e s ,  t h e  s lope  of t h e  curve  i n  Fig.  2 d e c r e a s e s ;  hence t h e  p r e c i s i o n  wi th  
which X can $Je eva lua ted  d e c r e a s f z  wi th  i n c r e a s i n g  time i n  t h e  in te rmedia te - t ime 

Eva lua t ion  of charqe- t ransf  er  parameter  s6 y 7  

determine  i tZo) from p o t e n t i o s t a t i c  cu r ren t - t ime  cu rves  a s  a f u n c t i o n  of q ,  e i t h e r  
f o r  anodic  ( q  p o s i t i v e )  o r  ca thod ic  ( q  n e g a t i v e )  p o l a r i z a t i o n .  The well-known 
Tafe l  p l o t  t h e n  y i e l d s  both  io and p .  
of i ( t Z o )  i n  a g iven  s o l u t i o n  y i e l d s  io from eq. 10: s i n c e  io i s  g i v e n  by 

The pro- 

from 

A s  A t 2  

range (0.85 - i ( t ) / i ( t=o )w > 0.45) . 
For slow e l e c t r o d e  r e a c t i o n s  (q r e l a t i v e l y  l a r g e ) ,  it i s  s u f f i c i e n t  t o  

For r a p i d  r e a c t i o n s  ( smal l  q ) ,  measurement 

(15) 

i s  t h e  s t anda rd  exchange c u r r e n t  dens i ty ,12  p i s  ob ta ined  from d e t e r -  where io 
minat ion& of io wi th  s o l u t i o n s  i n  which a i  i s  v a r i e d  a t  cons t an t  a8 ,  % a8 v a r i e d  
a t  c o n s t a n t  a8. 

Evalua t ion  of DR o r  Do 
The r a t i o  i( t=o)/A from eq. 7 and 8 i s  g iven  by 

and i s  seen  t o  be independent of io and p. 
ob ta ined  from a s i n g l e  p o t e n t i o s t a t i c  cu r ren t - t ime  curve  pe rmi t  Q s t d a t i o n  of  
one of t h e  d i f f u s i o n  c o e f f i c i e n t s  i f  t h e  o t h e r  i s  known. T h i s  is s o  even though 
i ( t ,O)and  A a r e  ob ta ined  from t h e  cu r ren t - t ime  curve a t  s h o r t  t imes ,  where t h e  
r e a c t i o n  i s  p a r t l y  c o n t r o l l e d  by t h e  c h a r g e - t r a n s f e r  k i n e t i c s .  

The c u r r e n t  a t  long times ( A t $  >> 1 )  i s  under  complete mass - t r ans fe r  

Thus t h e  v a l u e s  of  i t=o and A 

c o n t r o l ,  and a p l o t  of i vs. t 7  i s  l i n e a r  w i t h  a s l o p e  p r o p o r t i o n a l  t o  t h e  r a t i o  
i ( t = o ) / X ,  a s  was shown by G e r i s c h e r  and V i e l s t i c h . 8  Hence t h e  long-time c u r r e n t s  
permi t  e v a l u a t i o n  of t h e  d i f f u s i o n  c o e f f i c i e n t  somewhat more d i r e c t l y .  

S p h e r i c a l  E l e c t r o d e s  

The problem is  so lved  he re  i n  c l o s e d  form f o r  an e l e c t r o d e  r e a c t i o n  a t  
c o n s t a n t  p o t e n t i a l  i nvo lv ing  a f i r s t - o r d e r  c h a r g e - t r a n s f e r  mechanism (eq  l ) ,  wi th  
d i f f u s i o n  i n  a system of s p h e r i c a l  symmetry a s  t h e  s o l e  mode of mass t r a n s f e r .  
The mathematical  fo rmula t ion  of  t h e  problem compr ises  d i f f e r e n t i a l  equa t ions :  
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w i t h  i n i t i a l  c o n d i t i o n s  ( t = O ,  r> a ) :  
( a l l  t ) :  

CR = CE, CO = c 8  and boundary c o n d i t i o n s  

I 

Here 2 i s  t h e  e l e c t r o d e  r a d i u s ,  and 
c o n c e n t r a t i o n s  s u b s t i t u t e d  f o r  a c t i v i t i e s .  

Genera l  S o l u t i o n  
The g e n e r a l  s o l u t i o n  of  t h i s  problem, d e r i v e d  by t h e  Laplace  t ransform 

method, i s  presented  i n  t h e  Appendix. Equat ions  A17 and A 1 8  g i v e  t h e  concentra-  
t i o n  changes a t  t h e  e l e c t r o d e ,  and e q  A 1 9  t h e  c u r r e n t  d e n s i t y .  
t h e  cur ren t - t ime curve  a r e  of p a r t i c u l a r  i n t e r e s t  f o r  e x t r a c t i n g  t h e  charge- t ransfer  
parameters ,  namely t h e  i n i t i a l  s h o r t - t i m e  s e c t i o n  and t h e  f i n a l  long-time sec t ion .  

exp x2 e r f c  x 
c o n v e r t  t o  

i s  t h e  c u r r e n t  d e n s i t y  g iven  by eq 1 wi th  

Two r e g i o n s  of 

( a )  S h o r t - t i m e , s o l u t i o  : This  i s  o b t a i n e d  by use of t h e  approximation, 
1 - (2/rC) x + x’, which i s  v a l i d  f o r  smal l  x. Equat ions A17-19 

(17)  

aXL J J 

where 

i exp(  1 - p ) n E q  io exp(-pnErl) 
(20) 

0 
; x =  

R nFDRcR 0 nFDOcO 
A x o  

0 

and a l s o  A = A D! + A D+ and i(t=o) = nF(XRDRci - ~ D ~ C O )  a s  f o r  p l a n a r  geometry. 
A comparison o! eq 19 w i t h  t h e  cor responding  eq  13 f o r  ?he p l a n a r  case shows t h a t ,  
over  s u f f i c i e n t l y  s h o r t  times such t h a t  t h e  t e r m , i n  t i s  n e g l i g i b l e ,  t h e  sphere  
and p l a t e  e l e c t r o d e s  y i e l d  t h e  same l i n e a r  i - t2 r e l a t i o n .  The l i n e a r  behavior  
t e r m i n a t e s  sooner  f o r  t h e  s m a l l  s p h e r e ,  however, s i n c e  t h e  term i n  t i s  l a r g e r  i n  
eq  19 than  i n  eq  13. 

0 0  

I f  t h i s  l i n e a r  p o r t i o n  of t h e  curve  i s  e x p e r i m e n t a l l y  a c c e s s i b l e ,  t h e  
v a l u e s  o f  A and i ( t Z o )  o b t a i n e d  from it can be used  t o  de te rmine  t h e  charge-  
t r a n s f e r  parameters  and one of t h e  d i f f u s i o n  c o e f f i c i e n t s ,  a s  d e s c r i b e d  above 
f o r  p l a n a r  e l e c t r o d e s .  For modera te ly  r a p i d  r e a c t i o n s ,  i f  t h e  i n i t i a l  p o r t i o n  
is  i n a c c e s s i b l e  c h a r g e - t r a n s f e r  parameters  can be determined from t h e  long-time 
p o r t i o n  of t h e  curve a s  shown below. 
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(b) Long-time solution: 
= rr-* x-l, valid for large values of x. 

Use is made of the approximation, exp x2 erfc x 
Squations A17-19 become 

A plot of i against t* is a straight line, of form 

with intercept .. ' 

i i (t=o) 
1 + aX + aX (t ,001 = 

R O  

and slope 

a2(AR/b2 + 3 ) i(t=o) 
2 a -  

T' (1 + aXR + aXo) 

It may be recalledl5 thgt reversible reactions at spherical electrodes also 
exhibit a linear i - t T  curve at long times, but the intercept and slope are ' 

then quite different from the corresponding expressions for irreversible reactions 
(eq 23b,c). 

At long times the current at a spherical electrode goes towards the 
finite value given by eq 23b, whereas at a plane electrode the corresponding 
current goes to zero. 
diffusion controlled* at kt8 >l(or at i/i(tz0) < 0.43), so that currant measure- 
ments at long times give no information about the charge-transfer mechanism. 
small spherical electrodes, however, the reaction remains under partial charge- 
transfer control at all times. 
charge-transfer parameters may be derived as follows. 

In the latter case the reaction becomes essentially 

With 

Provided the diffusion coefficients are known, the 
We define the quantity 



92 

The combination of eq  23b, 23c and 24 yields 

, I  1 - -  
i 2 j )  Ao-a?-p(&j-) - p - l -  J < 

I 
i 

9, we may p l o t  log \ 

This  permi ts  e v a l u a t i o n  of AO corresponding t o  t h e  v a l u e  of 7 which e s t a b l i s h e s  
t h e  c u r r e n t - t i m e  curve.  A f t e r  measuring c u r r e n t - t i m e  curves a t  s e v e r a l  va lues  of 

a g a i n s t  q ,  s i n c e  from eq 20 

I 
t o  o b t a i n  p from t h e  s l o p e  and io from t h e  i n t e r c e p t  a t  7 1 0. 

P a r t i c u l a r  case:  D = Do i R 
I t  i s  of i n t e r e s t  t o  examine t h e  s p e c i a l  c a s e  of DR = Do = D which was \ 

t r e a t e d  by Shain, M a r t i n  and R0ss.1~ The time v a r i a t i o n s  of c u r r e n t  d e n s i t y  and 
I 

c o n c e n t r a t i o n s  a t  t h e  e l e c t r o d e  s u r f a c e  become, from eq A17-19, 

c -- 0 

1 + X) 2 2  A t ) e r f c ( ( l  + h)At')] 

(1 + b ) 2 h 2 t ) e r f c ( ( l  + b)At '1 

1 
where b = DT/ah. 
p r e v i o u s l y  given.14 

Equat ion  28 is e q u i v a l e n t  t o  t h e  s o l u t i o n  f o r  t h e  c u r r e n t  

1 
The s h o r t - t i m e  c u r r e n t  a t  A t 2  << 1 now becomes 

Thus from a s i n g l e  p o t e n t i o s t a t i c  cur ren t - t ime curve t h e  i n i t i a l  l i n e a r  i - t* 
p o r t i o n  y i e l d s  A and i ( t Z o ) ,  from which t h e  c h a r g e - t r a n s f e r  q u a n t i t i e s  P and io 
are e v a l u a t e d ,  and t h e  r a t i o  i(t,o)/A g i v e s  t h e  d i f f u s i o n  c o e f f i c i e n t  (eq  16) .  

it i s  p o s s i b l e  t o  d e r i v e  t h e  c h a r g e - t r a n s f e r  parameters  from t h e  c u r r e n t s  a t  
l o n g e r  ,times provided  t h e  d i f f u s i o n  c o e f f i c i e n t  i s  known. 
a t r e a t m e n t  of t h e  longer - t ime c u r r e n t s  involv ing  t r i a l - a n d - e r r o r  curve f i t t i n g ;  
t h i s  t rea tment  i s  r e s t r i ' c t e d  t o  slow r e a c t i o n s  a t  r e l a t i v e l y  h igh  7. 
h e r e  t h a t  t h e  long-time c u r r e n t  i s  g i v e n  by e q  23, which when s i m p l i f i e d  f o r  DR= 
Do = D y i e l d s  

I f  t h e  i n i t i a l  p o r t i o n  of  t h e  curve i s  e x p e r i m e n t a l l y  i n a c c e s s i b l e ,  

Sha in  e t  a l l4  d s s c r i b e d  

We note  
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This  provides  a more d i r e c t  method, and one which i s  a p p l i c a b l e  t o  r a p i d  r e a c t i o n s .  
The s l o p e  J and i n t e r c e p t  i ( t  
form 

of t h i s  l i n e a r  i / t -T r e l a t i o n  y i e l d s  A i n  t h e  - a) 
(331) 

From A t h e  q u a n t i t y  5 =<D/aX i s  c a l c u l a t e d ,  whence i ( t = o )  i s  o b t a i n e d  from t h e  
i n t e r c e p t  i ( t  We may determine i t=o)  i n  t h i s  way a t  
s e v e r a l  v a l u e s  of 7 ,  u s i n g  a s i n g l e  s o l u t i o n  and e i t h e r  ano 6 i c  
p o l a r i z a t i o n .  
by eq  7 ,  which may be rear ranged  t o  

= i(t=o) S ( 1  + 5 ) - l .  
c a t h o d i c  ' 

Thus f o r  anodic  p o l a r i z a t i o n  t h e  c h a r g e - t r a n s f e r  c u r r e n t  is  g i v e n  

A p l o t  of t h e  l e f t  s i d e  a g a i n s t  q y i e l d s  io ( i n t e r c e p t )  and ( s l o p e ) .  

C y l i n d r i c a l  E l e c t r o d e s  

Here t h e  problem comprises  a f i r s t - o r d e r  c h a r g e - t r a n s f e r  mechanism 
(eq  1) combined wi th  d i f f u s i o n  t o  a c y l i n d r i c a l  e l e c t r o d e  of r a d i u s  a a s  t h e  
s o l e  mass- t ransfer  process .  A s  b e f o r e ,  t h e  time v a r i a t i o n s  of c u r r e n t  and 
c o n c e n t r a t i o n s  a t  t h e  e l e c t r o d e  s u r f a c e  a r e  t o  be determined f o r  a r e a c t i o n  a t  
c o n s t a n t  p o t e n t i a l .  The mathematical  d e s c r i p t i o n  c o n s i s t s  of d i f f e r e n t i a l  
e q u a t i o n s :  

2 

Rc 1 ;\2c $3Co P c  
- -  R - D  I - + - -  ' R 1 "R 1 ; 
A C  

a t  R ~~~2 r ar J = D o [ - $ + i 2  r 

w i t h  i n i t i a l  c o n d i t i o n s  (t = 0 ,  r 2 a ) :  CR = c i ,  co = cg, and boundary c o n d i t i o n s  
( a l l  t ) :  

0 0 
'R 'R ; co -+ co r -+ m: 

r z a: i = nFDR o ar 

A s o l u t i o n  of t h i s  problem based on t h e  use  of L a p l a c e - t r a n s f o r m s ,  i s  
d e s c r i b e d  i n  t h e  Appendix. The method does n o t  l e a d  t o  a g e n e r a l  s o l u t i o n  i n  
c l o s e d  form, b u t  t h e  e n t i r e  cur ren t - t ime curve may be de te rmined  numer ica l ly  f o r  
any s p e c i f i c  case.  An approximate s o l u t i o n ,  v a l i d  a t  s u f f i c i e n t l y  s h o r t  times, 
i s  d e r i v e d  wi th  t h e  use  of asymptot ic  expansions.  The c u r r e n t  and t h e  concentra-  
t i o n s  a t  t h e  e l e c t r o d e  s u r f a c e  a r e  g i v e n  by eq  A33-35 of t h e  Appendix. For t h e  
s p e c i a l  case  DR = Do = D, t h e s e  e q u a t i o n s  c o n v e r t  t o :  
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where h = A(1 + b/2): quantities A and 6 are the same as defined above for planar 
and spherical symmetry. 
planar electrodes if the cylinder is large (a > > E / h ) .  
there will be a short period of time duTing which a Cylindrical electrode of any 
radius will yield the same linear i - tT relation as does the plane electrode. 
Deviation from this line, represented by the term in h2t, will develop somewhat 
faster at a small cylindrical electrode than at a plate, but not sb fast as at a 
spherical electrode of the same radius. 

The equations reduce to the corresponding ones for 
It is seen from eq 33 that 

Comparison of planar. spherical and cylindrical electrodes 
A numerical solution was carried out13 (see Appendix) for the current- 

time curve at a small cylinder of radius a =dD/X (hence b = 1) for the special 
case of DR = Do = D. 
a sphere of the same radius, obtained from eq 28. Also shown is the curve for a 
large sphere pr large cylinder (a >> v D/X), which is the same as eq 6 for the 
plane. At At2 = 5 the current ratio for this small sphere is close to the value 
b/(l + b )  = .h for t + The current ratio for the planar electrode 
goes to zero as t - 35. The curve for the cylinder is positioned about midway 
between the other two. 

This is compared in Fig. 3 with the corresponding curve for 

(see eq 28). 

Figure 4 presents the short-time approximations to these curves, as 
given by eqs 13, 20 and 33 for the planar, spherical and cylindrical cases 
respectively. 
carvesin Fig. 3, but for the range At7 = 0 to 0.25 the deviation is small. At 
At% = 0.25 the currents given in Fig. 4 are 1.4% high for the planar electrode, 
2.6% high for the cylindrical and 4.3% high f o r  the spherical electrode. 

These approximate curves lie somewhat above the corresponding 

As the electrode radius is increased above the valueJD/X, the upper 
two curves in Fig. 3 and 4 will move gradually closer to the planar-electrode 
curve. 

Summary 
1. A current-potential relation for rapid reactions, applicable to 

first-order charge-transfer mechanisms, is proposed and illustrated by a 
numerical example. 
the form previously used (eq 2). 

This equation (eq 3) has a much wider range of validity than 

2. The analysis of potentiostatic current-time curves for planar 
electrodes, for reactions controlled simultaneously by charge-transfer and 
mass-transfer polarization, has been extended. This analysis is based upon 
measurements of the ratio of current at some time t to that at 4t, and permits 
extraction of the charge-transfer parameters P and io from tQe experimentally 
more accessible part of the curve following the linear i - tF portion. 

Closed-form solutions to the general boundary-value problem for 3. 
spherical electrodes are derived. 

4. The boundary-value problem for cylindrical electrodes has been 
treated, and a general method for obtaining numerical solutions outlined. Also 
approximate analytical solutions valid for short times are derived. 

5. Current-time curves for a particular small radius of sphere and 
cylinder are compared with the corresponding planar-electrode curves. 
small sphere yields higher currents at a given time than does the plate. The 
curve for the cylinder lies between the other two. 

The 

6. The current at a small sphere approaches a constant value, different 
from zero, as t - 14. The long-time current permits determination of the charge- 
transfer parameters because the reaction remains under partial charge-transfer 
control at all times. 

J 

i 
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APPENDIX 

S o l u t i o n  of t h e  d i f f u s i o n  problem f o r  s p h e r i c a l  e l e c t r o d e s .  

The d i f f u s i o n  e q u a t i o n  f o r  a system having f u l l  s p h e r i c a l  symmetry i s  

. .  I 

where c = c ( r , t )  i s  t h e  c o n c e n t r a t i o n  a t  time t and r a d i a l  d i s t a n c e  r.  
t h e  subs t i t u  t i o n 1  1 

On making 

t h e  d i f f u s i o n  

and, i n  terms 

U ( r , t )  = r c ( r , t )  

equa t ion  becomes 

of t h e  new v a r i a b l e .  U = r c  can now be t r e a t e d  i n  much t h e  same 
f a s h i o n  a s  d i f f u s i o n  i n  a l i n e a r  system. Thus i n  t h e  p r e s e n t  problem we d e f i n e  

which s a t i s f y  t h e  d i f f e r e n t i a l  e q u a t i o n s  
.l 

with  i n i t i a l  c o n d i t i o n s ,  f o r  a s p h e r i c a l  e l e c t r o d e  of r a d i u s  a ,  

The remaining c o n d i t i o n  i s  t h a t  f o r  t h e  e l e c t r o d e  c u r r e n t .  
g iven  ( i n  terms of t h e  e l e c t r o d e  r e a c t i o n )  by e q  1, which i n  t h e  p r e s e n t  n o t a t i o n  is 

The c u r r e n t  d e n s i t y  is 

0 Ub( r = a , t )  (AS)  
'R a co a 

W = e x d ( l  - Blncrl'l u R (  = a , t )  - i 
0 

and ( i n  terms of  t h e  d i f f u s i o n  c u r r e n t s )  by 

and 

=a 
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On combining eq A5 - A 7  we find the conditions which must be satisfied 
on the electrode surface r = a: 

= + UO(a,t) ,io + 11 a , - UR(a,t) A ~ R ~  (2) r-a 
I ( A 8 1  

1 
= - Uo(a,t) > + UR(a,t)[AR + ;] (2) r-a 

with K = DdDo and 
i exp[(l - p)ntqJ i exp[-pn~nl 

; A o =  0 nFDO co 
A = '  
R nFDR C; 

8 as in the Gerischer-Vielstich notation . In terms of the Laplace transforms 
W - -st 

Y 0 (r,s) = 1 e Uo(r,t)dt 

YR(r,s) = e UR(r,t)dt 

0 
W 

-st 
0 

the differential equations A2 and initial conditions A 3  become 

The solution which satisfies the boundary conditions A4 is 

Y (r,s) = a(s)  exp[- q r ]  + ct r/s 0 

- 1  where a ( s )  and P ( s )  are determined by the simultaneous solution of eq A8: 

s [ s  + y'Js + a ' ]  

[kocP - ARc;][a d q  +&&,I . exp[a mR] 
$(SI - 

s [ s  + y& + b ' ]  

with 
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Equat ions  A l l ,  w i th  t h e  v a l u e s  of a ( s ) ,  $ ( s )  from eq A12, de te rmine  t h e  Laplace 
t r ans fo rms  of  t h e  v a r i a b l e s  U o ( r , t ) ,  U R ( r , t )  and hence t h e  c o n c e n t r a t i o n s  
c O ( r , t )  c R ( r , t ) .  

We r e q u i r e  t h e  v a l u e s  of t h e  c o n c e n t r a t i o n s  a t  t h e  phase boundary r = a 
The c u r r e n t  i s  most e a s i l y  ob ta ined  by and t h e  c u r r e n t  a s  f u n c t i o n s  of t h e  t ime. 

t ak ing  t h e  Laplace t r ans fo rm of eq A 7 :  

with  Yo(r,s) g iven  by eq A l l  and 

z 

J ( s )  i ( t )  e-st d t  
' 0  

The c u r r e n t  and concen t r a t ions  a r e  now r e a d i l y  ob ta ined  by i n v e r s i o n  of eq A15 
and A l l .  To accomplish t h i s  we must f i r s t  f a c t o r  t h e  common denominator of 
a ( s ) ,  j ( s ) ,  

( s  + y ' Js + b' ) = ( Js + I;) ( Js  + p )  

11 wi th  A =. A o J D ,  t ARJDR.  These r e l a t i o n s  y i e l d  

- (  1 ->)expt2t e r f c t  Jt ] 

A J D R  J D  2 c o :- co o t- c - 1  L - a ( g  - i)' (I - $)expp t e r f c p J t  



where A i s  g iven  by e q  9 a .  
f o r  p l a n a r  e l e c t r o d e s  i f  a i s  l a r g e ,  i . e . ,  a >> (XR + k)". 
Approximate s o l u t i o n  of t h e  d i f f u s i o n  problem f o r  c y l i n d r i c a l  e l e c t r o d e s .  

c y l i n d r i c a l  symmetry a r e  

These e q u a t i o n s  reduce  t d  t h e  corresponding r e s u l t s  

I 

The d i f f u s i o n  e q u a t i o n s  f o r  t h e  s p e c i e s  0 and R i n  a system having f u l l  

"0 q 2 C  aC r 0 1 0 - -  
D o  L ,r2 + f 3 T  1 - a t  i (A21) r' 

1 2 r a r  

and a r e  t o  be solved s u b j e c t  t o  t h e  i n i t i a l  c o n d i t i o n s  

and t h e  boundary c o n d i t i o n s  I 

- - nFDO (a) 
r =a 

The combinat ion of eq 1 and A24 y i e l d s  t h e  c o n d i t i o n s  which m u s t  be 
s a t i s f i e d  on t h e  e l e c t r o d e  s u r f a c e  r = a :  

I n  terms of  t h e  L,aplace t r a n s f o r m s  
m 

Uo(r,s) = c o ( r , t ) e - s t  d t  
0 

(A23) 

(A261 i ,  

r 
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t h e  d i f f e r e n t i a l  equa t ions  A21 and i n i t i a l  c o n d i t i o n s  A22 become 

The s o l u t i o n  which. s a t i s f i e s  t h e  boundary cond i t ions  A23 i sLL  

(A28) 

where 3 ( x )  i s  t h e  modif ied Besse l  func t ion  of t h e  second kind of o r d e r  zero.  
u ( s )  an P(s)  a r e  determined by t h e  s imul taneous  s o l u t i o n  of eq A 2 5 :  

4 s )  = - 
/ -  

K ~ ( J  a )  GD [ A  K c;i - A co]  O R  0 0  R 

Kl(J5 a).hDRIXO C ~ K  - XR c i ]  
DO 

where K1(x) = -dKg(x)/dx i s  t h e  modif ied Besse l  func t ion  of t h e  second kind and 
of o r d e r  1. 

Equat ions  A 2 8  t o g e t h e r  w i t h  t h e  v a l u e s  of a ( s )  and p ( s )  from eq  A 2 9 ,  
determine  U (r,s) and UR(r,s), t h e  Laplace t r ans fo rms  of t h e  c o n c e n t r a t i o n s  
c ( r , t ) ,  cRyr , t ) .  
o g t a i n  t h e  Laplace t r ans fo rm,  J(s), of t h e  c u r r e n t  i ( t ) :  

From e i t h e r  of t h e s e  expres s ions ,  t o g e t h e r  w i th  eq A24, we 
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Unfor tuna te ly  t h e  e x p r e s s i o n s  f o r  UO,UR and J cannot  be i n v e r t e d  
a n a l y t i c a l l y  t o  g i v e  co, CR and i. 
by numer ica l  i n v e r s i o n  of t h e  Laplace t r a n s f o r m s ,  fol lowing t h e  method d e s c r i b e d  
by P a p o u l i s l 3 .  We used t h i s  procedure f o r  t h e  s p e c i f i c  c a s e s  d i s c u s s e d  i n  t h e  
text .  I n  a d d i t i o n ,  an  approximate a n a l y t i c  s o l u t i o n  has  been der ived .  This  i s  
v a l i d  f o r  times much s h o r t e r  than  t h e  s m a l l e s t  of  a2&, a2/DR, a/k.dDR, a / A d b  
( i . e . ,  times s u f f i c i e n t l y  s h o r t  t h a t  t h e  d i f f u s i o n  d i s t a n c e  i s  small i n  comparison 
w i t h  t h e  r a d i u s  of t h e  e l e c t r o d e ) .  The approximate shor t - t ime s o l u t i o n  f o r  t h e  
c u r r e n t ,  i ( t ) ,  w i l l  be ske tched;  shor t - t ime approximate s o l u t i o n s  for t h e  concen- 
t r a t i o n s  a r e  found i n  much t h e  same way, and o n l y  t h e  f i n a l  express ions  w i l l  be 
g iven .  

of i ( t )  f o r  small t i s  de termined  by t h e  behavior  of  J(s) f o r  l a r g e  s. 
s we have11 

A complete s o l u t i o n  may be obta ined ,  however, 

The approximate s o l u t i o n  f o r  i ( t )  i s  based on t h e  f a c t  t h a t  t h e  behavior  
For l a r g e  

r 

a )  dbo 3 Do - 2  
+ I - - + -  f O(s 2, DO 

2 r 2a & 8 a s K, $ a )  
A " 0  

s o  t h a t ,  a s  s -t p, 

i ( t - : o )  J(s) - 
s + A d< - (hoDo + ARDR)/Za 

On f a c t o r i n g  t h e  denominator  of t h i s  e q u a t i o n ,  a s  i n  t h e  above t r e a t m e n t  of t h e  
s p h e r i c a l  e l e c t r o d e ,  we o b t a i n  

2 - -  - ' ex$(+) h2t!erfc[ 9 x Jt] 
2: 

where 

T h i s  r e g u l t  ma 
1 - 2 n T  x + x3, v a l i d  fo r  x << 1, t o  o b t a i n  

be s i m p l i f i e d  by i n t r o d u c i n g  t h e  approximation exp x2 erfc x 2 
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I 

Similarly the concentrations at the electrode surface, for small t, are given by 

For large cylindrical electrodes, such that a >> (AR + A0)-l, these equations 
reduce to the corresponding results for planar electrodes. 

0 
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FIG. I-- CALCULATED CURRENT-TIME RELATIONS. PLANE ELECTROOES: 
-Ea. I, OEq. 2, OEq.3.  

x P 2  
FIG. 2- VARIATION OF CURRENT RATIO i(t)/ i(4t) WITH x P 2  , PLANAR ELECTRODES. 
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FIG. 4--CURRENT-TIM€ RELATIONS AT SH(W(T TIMES. 


